ON COMPLEMENTARY MANIFOLDS AND PRO-
JECTIONS IN SPACES L, AND /.t

BY
F. J. MURRAY

Introduction. If A is a Banach space, M a closed linear subset of A, then
a closed linear subset N such that every feA is uniquely expressible as g+ 4,
geM, heN, is called a complementary manifold to M.

In his treatise on linear operations, Banach} presents the following two
problems ((B), pp. 244-245).

(a) To every closed linear subset M in L,, 1 <p~2, does there exist a com-
plementary manifold?

(b) To every closed linear subset M in l,, 1 <p==2, does there exist a com-
plementary manifold?

We show in this paper that the answer to both questions is “no.”

In Chapter 1 of this paper we show that if a certain limit has the value o,
then the answer is negative.§ In Chapters 2 and 3, it is proved that this is
indeed the case. In the concluding section we discuss the relation of various
other problems to (a) and (b).

CHAPTER 1. C(IM) anDp C(A)

1.1. Let A denote a separable space with a p-norm, i.e., A is either L,
or I, or the set of ordered n-tuples of real numbers {(ai, - - - , @.) }, bp.n, With
the norm ||(ay, - - -, a.)|| = ._,| as| »)V». We also let I,,.=I,. The notation
p'=1/(p—1),1/p+1/p’ =1 will be used throughout.

Let M be a closed linear manifold in A. Let R denote the set of real num-
bers 0<a<, and let 7(a, b) =a/(1+a) —b/(1+d), (o /(1+x)=1). It is
easy to see that R with the metric |7(a, b)| is a complete metric space and is
homeomorphic to the closed interval (0, 1).

If M is a closed linear manifold in A, a limited transformation E such that
EA=M, E>=E, is said to project A on M.

If E is a limited transformation, we denote by | E| the bound of E.

Lemma 1.1.1. Let M be a closed linear manifold in A. The existence of a

t Presented to the Society, September 5, 1936; received by the editors August 27, 1936.

1 Théorie des Opérations Linéaires, Warsaw, 1932. We shall refer to this work as (B). The quanti-
ties considered in the sequel are assumed to be real valued unless explicitly stated to the contrary.

§ This result was obtained while the author was a National Research Fellow at Brown Univer-
sity, Providence, R. I.
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complementary manifold N to M is equivalent to the existence of a projection E
of A on M.

Suppose N exists. Let E be the transformation which is such that f=g+4,
geM, heN, then Ef=g. Owing to the properties of N, E is single-valued, ad-
ditive, homogeneous and defined everywhere. Now let {f:} be a sequence,
which approaches f and such that if f;=g;+k;, g:eM, h:eN the g; form a con-
vergent sequence with limit g’. Then g’ is ¢ and the sequence k;=f;—g;
also converges to a #’eN. By continuity we have f=g’+A4’. The uniqueness
of the resolution of f now implies that Ef=g’ or that E is closed. Theorem 7
of (B), Chapter III, p. 41, now implies that E is bounded. Since the range of E
is included in M and for every feMR, Ef=f, we see that the range of E is I
and E?=E or E is a projection of A on M.

Now suppose E exists. Let 0 be the set of g’s in A for which Eg=0. Since
Eis limited and linear, N is a closed linear manifold. If feA, f=Ef+(1—E)f
where Efelt and (1—E)feR, since E(1—E)f=(E—E»f=0. On the other
hand if #eIR, = Ef for some feA, and hence Ek = E*f = Ef = h. Thusif he)t- I,
0=Eh=h, or M-N={0}. Now let f again be eA, f=g+h=g'+k', g, g'eM,
h, h'eN. Then g—g'=h —h, and since k—h'eR, g’ —geM, and M- N= {0},
this implies g—g’=4"—h=0. This shows that feA can only be expressed in
one way as k+g, ke, geM.

We may therefore consider problems (a) and (b) in the following equiva-
lent form.

(A) To every closed linear manifold I of L,, 1 <p#2, is there a projection
of L, on M?

(B) To every closed linear manifold I of 1,, 1 <p#2, is there a projection
of 1, on M?

Let Ay, - -+, Apy n=1, 2,.-., o, A,=A be a set of spaces. Let
ZL: BA=A1D - - - ®A, denote the space of ordered sets of elements
{fisfor - = = » fn} (fo=f) futha, such that Y ._||fa]|? < ®, with a norm defined
by the equation

sl = (Zll)

a=1

A.2Ag is to mean that there exists a one-to-one isometric mapping of A,
on Ag.

LEMMA 1.1.2. (8) 3o s ®lpony =lpmy Ba=1,2, - - -, 0, if D m_Bta=m.
(b) 2on_1®A2L, if Au=L,, for each a.

The proof of this lemma may be left to the reader.
1.2. Let M be a closed linear manifold in A. We define a function C(),
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which takes on values in R as follows. If there exists no projection of A on I,
then C(IM) = . Otherwise C(M) =g.L.b. (| E| ; EA=M, E*=E). Similarly we
define the function C(A) as L.u.b. (C(I), Mc A).

LeEMMA 1.2.1. Let Ay and As be such that A, is equivalent [(B), p. 180] to
a closed linear manifold M of As. Let I be such that there exists a projection E
of As on M, with |E| =1, N the set of fs €A, for whick Ef=0. Let B be any
closed linear manifold of As, such that if feB, then f=g-+h, geB-M, heP-N.
Let Py in A, be the manifold which corresponds to B-IM. Then C(P1) <C(B).

If C(PB) = o, our statement is true. Suppose C(B) is <. Let F be any
projection of A; on P. Then EF is a projection on P-IMM. For if fieA,,
f=Ffi=g+h, geB-M, heB-N, and EFf=g or the range of EF is included
in B- M. Also for every heP- I, we have EFh= Eh= h. This with our previous
statement shows that (EF)%?=EF and that the range of EF is exactly $-I.

Let (EF)’ be EF considered only on . Obviously (EF)’ projects
M on P-IM. Let G be the corresponding transformation on A,. Then
C(B) =|G|=|(EF)'| <|EF| <|E|-|F| =|F| or C(B,) =|F|. Since F was
any projection on B, C(B.) <C(P).

LemMA 1.2.2. If A, and A are as in Lemma 1.2.1, C(A1) £ C(Az). In particu-
lar ’I:f A= Ao@A;, 6(1\.1) = E(Az) .

Let PB; be any closed linear manifold of A, B the corresponding set of
elements in M. P is a closed linear manifold satisfying the conditions given
in Lemma 1.2.1, since $-M=P, B-N={0}. Lemma 1.2.1 now implies that
C(P) =C(B) =C(A2). But PB: was any closed linear manifold in A;, hence
C(A) =C(Ay).

To show the second statement, we take M c AP A; as the set of elements
{0,7} of A¢® A;, E as the transformation of Ao@® Ay, such that E{f, g} = {0, ¢}.
One readily sees that I is equivalent to A; and that E projects A, @A, on I
and | E| =1. We may now apply the first part of this lemma to obtain the de-
sired result.

LeEMMA 1.2.3. If A2 o (DA, and k is lim sup...C(A.), then there exists
a manifold B c A, such that C(P) = k.

It follows from the definition of k, that if ¢ is >0, then there exists an
infinite number of the o’s for which 7(C(A,), k) = —e. Thus we can find a se-
quence of integers {a:} such that a; <a4i, for which 7(C(A4,), k)= —2-i1

Now since 7(C(A..), k) = —2-"1, we can find a Pa;, in A, such that
7(C(Bai), k) > —2-%. Let P be the closed linear manifold consisting of those
elements {fi, f2, fs, - - - } €A, such that fs=0if B is not e{a;} and fu;eBas. As
we saw in the proof of Lemma 1.2.2, A,; and A are as A, and A;in Lemma 1.2.1
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- and it is easily seen that P satisfies the conditions given in Lemma 1.2.1 also.
Thus Lemma 1.2.1 now implies that C(B) is = C(Ba,). Hencer(C(P), k) = —2—¢
for every ¢. This implies that »(C(B), k) =0, C(B) =*.

1.3. We now prove the following lemma.

LemMa 1.3.1. C(L,) 2C(lp,»)-

In (B), Theorem 9, Chapter XII, p. 206, it is shown that the manifold
M c L,, determined by the functions y; is equivalent to /, when

y:(#) = 2%/? for 1/2¢ < ¢t < 1/2"', y,() = 0, otherwise.

Now for any z(¢) eL,, let

0 1
E6®) = X [ s a5 3.

=1

Then by a direct calculation one can verify that |E| =1 and that if zeMR
(i.e., if 2= yi, O |@s| < ), then Ez=3. Hence E projects L, on M and
we may apply Lemma 1.2.2 so that it yields C(L,) 2C(l;.«)-

LEMMA 1.3.2. There exists a linear manifold M € L, such that C(M) =C(L,).

This follows from Lemma 1.1.2, (b) (with =) and Lemma 1.2.3 for &
is in this case C(L,).

LemMa 1.3.3. There exists a linear manifold Mcl,,., such that C(IN)
=C(lp,)-

In Lemma 1.1.2, (a), let #,= o for every a. Then apply Lemma 1.2.3.

LemMA 1.3.4. C(lp,») 2C(lp,m) if n =i

This follows from Lemma 1.1.2, (a) and Lemma 1.2.2.

THEOREM I. C(IM) and C(A) are to be as in §1.2. There exists an MM in L,,
and an N in 1, such that C(M) =C(L,) and C(N) =C(l,). Furthermore

1=C(p1) = Cllpo) = -+ - =C(y) = CTLy).

The lemmas of this section imply this theorem.

Now if we are able to show that lim,.,C(l,,.) = ©, it follows from this
theorem that C(L,) =C(l,) = © and then in each of them we have a manifold
M for which C(IM) = «. Hence from the definition of C(M), we can answer
problems (a) and (b) negatively. The next two chapters of this paper con-
tain the proof of the fact that lim,.,C(l,,.) = .

CHAPTER 2. I IN SITUATION A

2.1. Let f={ai, - - -, .} be an n-dimensional vector, which may be re-
garded as el,,.. We define for £>0
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{f}* = {la:|*signay, - - -, | an|* sign a,}
[r]* = {Iallk’ ) Ia,.l"},
which may be regarded as elements of Iy If g={bi,---, b}, we

define (f, g) =D i-10:b;. The linearity and homogeneity of this expression
will be used without comment.
The following two lemmas can be easily shown.

LEmMA 2.1.1. If p>1,

d
=+ ule] = a0,

t=0

LeEMMA 2.1.2. If p>2,

a2
- 7 + tgll? = p(p — 1S + ], [g]).

We now prove
Lemma 2.1.3. If p>2, and ({f} 7, g) 20, then ||f+¢||>=|/f]>.

By Lemma 2.1.2, H(¢) =||f+1g||» is convex in ¢ and hence increasing for
20 since dH/dt| =020 by Lemma 2.1.1.

2.2. If M is a linear manifold in 7,,,, let M* consist of those elements
gely .y 1/p+1/p" =1, for which (f, g) =0 for all feMi. If M is k-dimensional, it
is well known that IR* is (#—k)-dimensional and also that (%*+)* =9%. The
following lemma is of a standard type in the theory of linear manifolds of a
finite number of dimensions and the proof of it may be omitted.

LemMa 2.2.1. Let M be o k-dimensional linear manifold in 1l,.,. Let
o1, * - -, dr be k linearly independent elements of M. If E is a projection of
lpn on M, there exist k elements Y, - - -, Yr, of Ly .n Such that for every fely,a,

k
() Ef = 3 Vi, )os

=1
and (Y, b;) =0:,;. If ¥i’s with this last property are given, the E defined by (o)
is a projection. If E' is any other projection of 1, ., on M, then y! =Y:+g;,
i=1,.- -,k where g; is eM*.

2.3. If E is a linear transformation in /,,., we denote by E* (the adjoint
of E) the transformation in /, ., such that if g and g*el, ., are related so that
for every fel,.., (Ef, g) =(f, g*), then E*g=g*. It is well known that E* is
linear, | E| =| E*| and (FE)*=E*F*.
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LemMA 2.3.1. If IR and E are as in Lemma 2.2.1, then

k
E*g = Z (¢i: g)'l/s
i=1

for all gel ..
For every fel,,., we have

k k k
(51,0 = (X Wabag) = T 0o d) = (12 @0 00e).
=] =1 =1
LeMmMA 2.3.2. If I and E are as in Lemma 2.2.1, then 1 — E* is a projection
on M.

The range of 1 — E*is M*. Forif f=(1—E*)gand kis e, then Ek=hand
(h’ f) = (h’ (1 - E*)g) = (h’ g) - (h: E*g) = (Eh: g) - (h’ E*g) =

Hence f is ¢N* or the range of 1—E* is included in IMM*. Furthermore by
Lemma 2.3.1, if f is eIR*,

k
E*f =3 (65, s = 0
=1
and (1—E*)f=f. This with our previous result shows that the range 1 —E*
is exactly I+ and (1 - E*)2=1—E*,

LemMA 2.3.3. C(lyr,») <C(lp,n) +1.

Let M’ be any linear manifold of /,,,. Let M=M'*. Then if ¢ is >0,
there exists a projection E of /,,, on M with | E| <C(M) +e=<T(l,..) +¢ By
Lemma 2.3.2, 1—E* is a projection on M+ =(M'*)*=M’. Thus C(M’)
<|1—E*| 14| E*| =1+ | E| £1+C(l,..) +¢, which implies our lemma.

Of course p and p’ are interchangeable and so we see that the answer to
our question is the same for both p and p’. Thus we may confine ourselves
to the case p <2. This is not an essential step in our proof but merely a con-
venient one. We suppose from now on that p is <2.

2.4. We say that Situation A holds in a k-dimensional manifold It of /,,,,
if

(a) we have £ linearly independent elements, ¢, - - - , ¢x, €I, and & ele-
ments of lyr 0, Y1, - - -, zh, such that (¢, ¥;) =8:,; (the transformation E given
by the equation Ef = E_l(¢., f)¢:is a projection of /,,, on §DE) ;

(b) we have r elements /i, - - -, k of M, with ||&]| =1

(c) there exists a constant C >1, such that ||E* {5} ”“1” =C for every i;

(d) there exist r constants ci, - - - , ¢, ¢;>0, such that for every feIt and
gent
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2 al{h}7, HUE*{ )1}, 9) = 0.
fwml
LEMMA 2.4.1. If M is in Situation A, then C(IM) 2 C (cf. (c) above).

Since | E| =|E*|, we must show that for every projection E’ of /,,, on
M, | E™*| =C. Since ||:||=1and hence || { h:} 1| =1, it will be sufficient to
show that || E™*{h;} || =C for at least one i.

Now

k
E*{h}r1 =3 ({h}r, 6001,
=1

where ¥/ =y;+g;; where g; is an element of M* (Lemmas 2.2.1 and 2.3.1).
Let E, be the projection of /,,, on It given by

k
Ef = 32 (i + 18, Noi-
(23]
By Lemma 2.3.1,

k
E¥g =Y (¢, 8)Ws + 2g2)

f=1

and
k
EX{h}r1 =3 (85 { B} P )W; + tg)
J=1
k k
=2 (b5 (B} P + 20 (64, {hi} P Vs;
=1 =1
k
= E*{h}r 1+t (6, (B} P Vg
=1
Now by Lemma 2.1.1
d R k
= &t el = ({2 (=t} -4 2 G0 Ui}

k
= 2 ({E*{h}7 )71, ) (@4 (s} ).

=1

Since g;eM*, ¢;eM, (d) implies that

r d[ r k
S e BB (h o= 2 3 (LB (i1}, 800 (e} = 0.

$m=1 =1

(L))
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Since ¢; >0, fori=1, - - -, r thisimplies that there must be an 7’ such that
d“E*{h }P‘IHP /dt]i-ois >O Hence by the above d|| E*{ k. } 7~ +tgi||*"/dt] im0
is 20, when gl =Y. (¢;, {h:}*))g;. Lemma 2.1.3 now yields

IB*{h:} o=+ gl = (| E*{he} o>
since p’ > 2. But
B (ot = B (b}t = B (ho g
and ||E*{ ks }»=1||»’=C. Substituting these values on both sides of our in-
equality, we get | E™*{h:}»=Y|?’=C?’ or | E™*{hs}»-Y|| =C. As we remarked
at the beginning of the proof this is sufficient.

CHAPTER 3. THE PRODUCT OF /,,, AND Jp,m

3.1. We define /,.®lpm a5 lpam If f={ai, -, an}ep. and
g=1{bi, - - -, bn} dp.m, we define f®g as {a:bs, ards, - - - , G1bm, azby, Gsbs, - - -,
Gobm, -+ 5 @aby, @obs, - - -, @ubm} or if f®g={c1, - - -, Cam}, then Ciyymys
=a,b;. The proofs of the following Lemmas 3.1.1-3.1.4 do not present any
difficulty and may be left to the reader.

Leuua 3.1.1. () [[f @l =171l - lgll,

(ii) (#:1®¢2, f@F) =(d1, 1) (92, 8),

(iii) {f®g}t={f}*® {g}*,

(iv) a(fP®g)+B(f® ®g) =(af V+B8f*) ®¢.

Lemuma 3.1.2. Let f,={ars, - - -, Gas}, r=1, - - -, k, k<m, be k linearly
mdependent elements of l,.., and g= {bl " Dm.,c | be k elements of 1y m, such

thatz rfr®8r=0. Then g,=0,r=1, , k.
LemMa 3.1.3. Let f,,r=1, - - - | k, k<n, be k linearly independent elements
of lp.n and for everyr=1, - - - [ klet g..,s=1, - - - k., k. <m, bek, linearly in-

dependent elements of l,m. Then the set of elements f,®g,., r=1,-- -, k,
s=1, - - -, k are linearly independent.

Lemma 3.1.4. Let fi, - - -, fa be n linearly independent elements of 1,,a,
g, -, &my m linearly independent elements 1, ». Then the set of elements
fi®gii=1, - -, m, =1, - m, determine l, mn.

3.2. Let MV cl,, and M®Pcl,m be linear manifolds. We define
MORIM® as the linear manifold in /, .. determined by the elements
f®s, fem(l)’ gegﬁ(z),

Lemma 3.2.1. If ¢V, - - -, ¢;(,l<f) is a set of linearly independent elements
which determine M and ¢,?, - - -, Sren is a set of linearly independent ele-
ments whick determine MP®, then ¢.® @/ ,i=1, - - - kD, j=1, ... k®
determine the manifold M @ M® which is kVk®-dimensional.
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The proof is easily derived from Lemma 3.1.3.

LEMMA 3.2.2. Let MD and M be as above. Then (M @M®)* is deter-
mined by the elements of the form f®g, where either feM DL or geN L,

We first show that if f®yg is such that either feIR™)* or geI ™+, then
FRge(MD @M®)L, Indeed by the definition of MP @ M@ and the linearity
of the operation ( , ), if (PP ®¢®, f®g) =0 for all ¢V eIN® and
P eMM® | then fQge(MDRM®)L, But Lemma 3.1.1, (ii) implies that
(6 @™, f®g) =(p", f)(¢®, g). Since either (¢, /) =0 or (¢, g) =0,
we obtain that f@ge(M® @ M@)L,

Now let 51(", S, 3,(.1_),,0) and $l(2>’ ce e, $,(.2_)k(z) be sets of n—k® and
m—Fk® linearly independent elements of MM+ and IM®+ respectively. Let
o, i (P, -+, ¥) be elements of Zp (Jpr.m) such that
é®’s and Y, ®’s together determine I,-,, ($2’s and y,®’s determine I, ,»).
In Lemma 3.1.3, let f,=¢,® for r=1, - - -, kD, fiy, =D for t=1, - - -,
n—kW; k=n. For r=1, -, kD let by=m—k®, g, =2, s=1,- -,
m—k®, and forr=k+1, -, n; k=m, g.=¢®, s=1,---, k® g o,
=¢® t=1, . - - ,m—k®. Thusthef, ®g, ,arelinearly independent and such
that either f,eM®D* or g,,eM®*. Since there are kM (m—k®)+(n—k®)m
=mn—kOk® of them and the dimensionality of MV QIM® is kVE® by
Lemma 3.2.1, the f,®g,., determine (M® @M @)+,

3.3. Let T® be a linear transformation in /,,, and T a linear trans-

formation in 7, .. Let ¢, - - -, ¢ be # linearly independent elements
of lp,nand @, - - -, ¢, m linearly independent elements of /,,».. Then the
elements ¢V @¢;®¥,2=1,- .-, m,j=1, - - ., m determine /, ., by Lemma

3.1.4 and are linearly independent. Hence given any set of mn elements
fi.i€lp.mn, there exists a unique linear transformation 7" such that

T'(¢V ® ;) = fis (i=1,---,nj=1---,m).

Now let f;;=TM¢™D @TP¢® and denote the corresponding T’ by
TOQRT®, Apparently this definition of T QT depends on the choice
of the @ ’s and ¢/®’s, but this is not the case as is shown by the following
LeMMA 3.3.1. If felpn, gelpm, then TOQRTNf@g=TOfQT®g. Thus
TOQT® does not depend on the choice of the (¢} or the {¢;® }.

The proof follows immediately from the definition of 7" ®T® and
Lemma 3.1.1, (iv).
We also have

LemMA 3.3.2. A linear transformation T' of 1y mn, equals TV QT ® if and
only if T'f@g=TNVfQT g for every fely,n, and gelpm.
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The sufficiency of the condition follows from the definition. Lemma 3.3.1
implies its necessity.

LEMMA 3.3.3. (TOQT)*=(TW)*Q(T@®)*

By Lemma 3.3.2, it suffices to show that if fel,:,n, gely.m, then
(TORT®)Rg=TM*QT®*g. Now if helpmn, it follows from Lemma
3.1.4, that h=E:_,E?_1a.',,¢.'(” ®¢;{® and by the definition of TMQT?,
TORT@h =E’:_ 12;:10-‘.:‘7'(1’@“’ T @™,

By the definition of 7T* (cf. §2.3) and Lemma 3.1.1, (ii), we have

n m

(T® ® T®h, f @ g) = 20 2. 0:,i(TV$® ® TP, f ® g)
=]l jeml

=3 3 4. (TDp M, )(T®¢,®, g)

tem]l jeml

n m

= D > 0, iV, TW*f) (¢, T*g)

foml juml
n m

=2 2 0V @ ¢, TW*f @ T*g)

faml jaml

= ( i f: 05,0 @ ;0 , T @ T(”*g).
rlirat ,
= (h, T(;*f ® TW*p).
Or for every £ of 1, mn,
(T ® Tk, f ® ) = (h, TV & T*).
The definition of T*, then implies
(T® @ TO)*f @ g = TW*f @ T®*g
which is the desired result.
3.4. We have the following lemma.

Lemuma 3.4.1. (i) If E® is a projection on MYV cl,,n, and E® a projection
on MDD ely.m, then EO QED is a projection of lp,mn on MV QM.

(ii) Let ¢ and ¢ (&2 and ¢<?) be in the same relation to EV (E®)
as ¢; and ¥; are to E in Lemma 2.2.1, i.e.,

(1) (2)
EMVf = kE W®, e ;  EDf = kE Wi, e .
tm=1 =1

If E is the transformation on ly m, defined by the equation
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IO TO)

Bh=5 $ 0 eum, nem 0 s,

t=1 j=l
then E is a projection of lymn on MO QSQM® and E=EVQED.

(iii) E¥*=EO*E®*,

Since (ii) implies (i) and (ii) and Lemma 3.3.3 implies (iii), we need only
prove (ii).

We have (¢ ®@¢®, ¢ @) = (¥, @) (¢, ) =8::8;4, by
Lemma 3.1.1 and Lemma 2.2.1. By Lemma 3.2.1 the ¢,V ®¢«? determine
MO R@IM®, Lemma 2.2.1 now implies that E is a projection on M @M ®,

It remains to show that E=EMVQE®. If fel,,,, gelp.m, then by Lemma
3.1.1, (ii) and (iv), and Lemma 2.2.1,

kD k@

Ef@g=2 2N @™, f® oM ® ¢,

fml  jel
KD @

=2 2D, N, D¢l @ ¢

i=1  j=1
1] k@

= ( Z (,p‘.(n,f),l,‘.(l)) ® ( Z ((ZON g)¢,,.<2>) = FEWf ® E®g,
=1 j=1

Lemma 3.3.2 now implies that E=EM QE®,
3.5. Next we prove

LEmmA 3.5.1. If MDY in 1, , and M® in I, . are in Situation A (cf.
§2.4), then MD @M is in Situation A with

(a). D -1k WVge = ¢‘(1) (%) ¢i(2) , I = 1’ cee, k(l)’ s = 1, s, k(2),
‘l’(:-l)km-H = ‘b‘(l) R 'I,.(z) , t= 1’ cee, k(l), s = 1’ sy, k(2);

(b) Blciy®ioe = bD @ AP, t=1,--- ,¢®W, s=1,.-., 7®;
() C =CoCcw;
(d) C-1rWqt = ¢V, t=1,---,7M; s=1,.--- 7@,
That the ¢ ®¢, t=1, - - -, kD, s=1,- .. k® are linearly inde-
’ b ) b

pendent and.determme iD?‘”@SD?"’ has been shown in Lemma 3.1.3 and
Lemma 3.2.1. The remaining statements of (a) were shown in the proof of
Lemma 3.4.1.

To prove (b) we have A® @k MV QIMP by definition (cf., §3.2).
Also by Lemma 3.1.1 | ® @2 || = |50 |- |2 =1.

Now consider (c). If i=(s—1)7V+¢, then by Lemma 3.1.1, (ii); Lemma
3.4.1, (iii) ; Lemma 3.3.2; Lemma 3.1.1, (i); and §2.4, (¢),
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2 {aey =l = | E*{re> @ m® }o| = [[E* B0 Jor @ {h® }o|
= ||[Ev* @ E@*{pm )1 @ {B® b
= [|[EW*{pm } -1 @ E@*{p® } ||
= [[E* v fomi [ B {en o).

We now prove (d). If 2¢(MD @ M)+, then by Lemma 3.2.2, kis a linear
combination of elements in the form f@ ®g®, where either f is in RO+
or g® is in M®*. Hence since

#1532

2 a({mey, )k, {E*{h} )y,

f==1
FEMDRIM®, he(MP QMP)L) is linear in &, it is enough to show (d) for
k in the form f® ®g@, where either fO is in MM+ or g@ is in ML, It is
also linear in f; hence by §3.2 it suffices to show (d) for f in the form
PV RPD, $1eMD, o eIN?.

Now it was shown in the proof of (c) above that E*{ k;}»~1 = EO*{ p® } »-1
QE®*{p® }»-1 Then by Lemma 3.1.1, (iii),
{E*{h;}r1}r-1= {EO*{pm }r-1}p-1 @ {E(2>*{h.<2) Jo-1}pr—1

and {k:}71= {h® }»1® {h® }»-1. Hence by Lemma 3.1.1, (ii), we see
that

(D (2)

> a({k}r, o ® ¢@)(fV @ g, {E*{h‘.}p—l}p'—l)

i=1

= ( % ¢V ({h,‘” }p—l, dW)(fO, {Ea)*{h,(l) }p—l} p'—1>

t=1

r(2)

X ( > e ({h® }r1, g@) (g, {E@*{p® }r-l}p’ﬂ).
gm=1

Since either fM ML or g@ ML this is zero for MWD and M are in

Situation A.

3.6. Now it follows from Lemma 2.4.1 and Lemma 3.5.1, that we can
show that lim,., (C(l,,,)) = if we can find a I in /,,, in Situation A
(cf. §2.4, (c)). For let N be any integer >0. Then using Lemma 3.5.1 we
can find a manifold RNy in J, .~ in Situation A with Cq,, =C§3. Lemma 2.4.1
now implies that C(Rw) = Cy, and since

Clpmw) 2 C(Ny), lim (CUpn) = .

7n— 0

As we remarked in §1.3, this implies that the answer to both (a) and (b) is
negative.
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Let M be the manifold in /, 3, determined by the vectors (1, 1, 0) and
(0,1,1). Let

é1 = (2-1», 2-1» (), ¢2 = (0, 2-1/», 2-1/7)

Y1 = (2U»+1/3, 2Ur/3, — 212[3), g = (— 2'/7/3, 21/?/3, 21I7+1/3);
if a=1/(242°)V?, by=(a, —¢, —20), b= (e, 22, @), k3= (2, @, —cx). Also

C = (27 + 1)/3)w" (27 + 1)/3)12,
Cl1 = Cy = (C3 = 1.

We show that I is in Situation A (§2.4) and thus complete the proof.

We have (a) (¢s, ¥;) =6,.;.

(b) h1=a21“’(¢1—2¢z), hg=a21/"(¢1+¢2), ks =a21/’(2¢1—¢z), and thus
hiis e, i=1,2, 3. We also have ||4]| =1,i=1,2, 3.

Before showing (c) and (d) we make certain calculations. From the defi-
nitionsin §2.1, we get { A }»-1=ar-1(1, —1, —277Y), {l}?-1=0ar-1(1, 271, 1),
{h}e=t = (271, 1, 1), ({m}>,6) = ({l}>), ¢2) =0, = ({I}>, ¢0)
= ({h}7 1, ¢1) = ({ha} >, 2)= ({hs}?1, ¢1) = 271(1 + 2¢-)1/>,

By Lemma 2.3.1
E*{h}t = ({m}>, e¥s + ({ B} 7, ) = ({I} 71, ga)¥
= — 3-12-Up' (2= 1)Un(— 1,1, 2),
E*{h} 71 = ({he}? ), o)y1 + ({ha} 1, gl = 271271 + 1)V2(yy + o)
= 3-12-Us’'(2e1 4 1)Up(1, 2, 1).
Similarly
E*{hg} 1 = 3-12-1U»'(20-1 4 1)Up(2, 1, — 1).
Finally (cf. §2.1)
{E*{hl}"‘l}v"‘ = — 3~('-D2=('=DIp’(22-1 4 1)(»'-DIp(— 1, 1, 20'-1)
= — K(— 1,1, 201
{E*{h}r1}»—1 = K(1, 27", 1)
{E*{h}r1}o-t = K271, 1, — 1),

() By direct calculation, we obtain [E*{k}*Y|=|E*{k}>Y
=||E*{hs}?|| =C using the above. For p2, C is >1 since by the Holder
inequality,

6C = (27 + 2)UUp(20" + 2)Up’ 2 2.2 4 2UPQUP" = 6,

~where the equality sign holds only for p=2.
(d) Now if feMt, then =k, where $=(1, —1, 1). Thus
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({E*{ )Pt} f) = KR(2 — 2°7Y),
({E*{ha} 71}, f) = KR(2 — 27"Y),
({E*{hs} 71} 21, f) = Kk(27-1 — 2).

We can now verify by a direct calculation that (d) holds.
Conclusion. Our results permit us to conclude that

There exists a manifold M, in l, and L, such that there exists no biorthogonal
set {pi, Wi} where {¢:} is a basis for Mo (cf. (B), Chapter VII, p. 110, §3),
while the expansion

©

(*) E i, a; = (f: 'I’t) ’

faml
converges for each fel, or L,.

Let us suppose that (*) converges for every f. Let I be the manifold
determined by the ¢.’s. The ¢,’s are a basis for M (cf. (B), loc. cit.) for if
feM, then

f=2adbi, ai=(},¥)
=1
by (B), Chapter VII, Theorem 2, p. 107.

We will show that under these circumstances C(M) is <. For let E

be the transformation defined by the equation

Ef = ZZ (f, ¥ 9.
Ef is defined for every f since we assume that the series is convergent for
every f. The same assumption implies that E is limited for the partial sums
are uniformly limited (cf. (B), Chapter VII, Theorem 2 and Theorem 5).
E is obviously additive and homogeneous. If feIR, Ef=f by the above and
the range of E is included in M, EA=M and E*=E. Thus E is a projection
of A on M. Hence C(M) is <.

Our construction also permits us to show that no statement concerning
the norms of the ¢; and ¢; will insure convergence by itself. We can assume
that |[¢| =1 for every i. The least possible value for ||¢.| is then 1 since
(¢i, ¥) =1and | (¢4, ¥s) I <lledl- |¥:ll- We will show that there exists in both
l, and L, a biorthogonal set {¢:, ¥} for which ||| =||¥il| =1 and for which the
associated expansion (*) does not always converge.

It is a consequence of the proof of Lemma 1.3.1 that if such a set exists
in /,, there must be a similar one in L,. So we need only consider /,. Owing
to the nature of biorthogonal sets in /,, we need only consider the case
1<p<2.
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Let M be the manifold of §3.6, and let f, = (2-1/7, 2-1/7 0) =¢y, fo= (o, — 0,
—2a) = . We have (f3, {fﬁ}p_l) = ({fl}ﬁ—l’ fz) =0; (fl) {fl}p_l) = (f% {fz}p_l)
=1, Il =lIfll <[l {f:} ==l =l {2} 7| =1. Of course f, and feely.s, {f1} >~ and
{fz } 1 élpl, 3.

We define f;, ®f:.® - - - ®f:,, 3;=1, 2; j=1, - - - | n, as an element of
I, as follows: f; ®f:, in I, has already been defined (cf. §3.1). Let us
suppose that f,® - - ®fi,_, in [, has been defined. We define

f:.®f,® - - - ®fi,_,®fi, as (f,® - - - ®fi,_,) ®f:, in I, using §3.1. Let
My=M, M, in I, :» be M,_1®@ M. Then by successive applications of Lemma
3.2.1, we see that the set of elements f;,® - - - ®f;, determine M...

By Lemma 1.1.2, },=2_"~1@®/,,s=. Let P be the closed linear manifold in
> °_1®l, 5= consisting of those elements {g1, g2, - - - } for which g. is M, for
every . Let S consist of those elements which are such that every g.=0
except for one g, and g.=f:,® - - - ®f:,. Let S’ consist of elements of /, in
the form {g}?=1, geS. Since as we have seen above the f;, ® - - - ®f;, deter-
mine IMN,, S determines P.

Now the sets S and S’ are denumerable and it is easily seen by using
Lemma 3.1.1 that with a suitable enumeration they form a biorthogonal set
with ||¢i|| =||¥il| =1. Since S determines P, we see from the above that this
series (*) cannot converge always if C(P) =co.

Let Cbe asin §3.6, (c). By repeated applicationis of Lemma 3.5.1 and then
using Lemma 2.4.1, one may prove that C(M,) = C». It follows from the proof
of Lemma 1.2.3 that C(P) is 2C(M.) =C» for every » and since C is >1,
$7#2 this implies that C(PB) = . As we have remarked above, this proves our
statement.

Incidently we have explicitly constructed a manifold P in /,, for which
there exists no projection. Lemma 1.3.1 indicates how we can find a B in L,
with the corresponding property.

In L,, the space of complex-valued functions whose pth power is sum-
mable, the situation is the same. As pointed out in a previous paper by the
writer,T the theorems given in (B) and used here can be generalized to the
complex case. Chapter 1 of this paper also falls into this category. Some
variations are necessary in Chapters 2 and 3 but they are not basic.

Finally it should be pointed out that the negative answer to (a) and (b)
precludes the possibility of a spectral theory in /, and L, similar to the theory
of self-adjoint operators in Hilbert space.

t These Transactions, vol. 39 (1936). pp. 83-100.
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